Abstract-In this two-part paper, we consider a system consisting of bidirectional wireless links that interfere with each other, which has been the of focus of intensive research recently in emerging wireless systems like Device-to-Device (D2D) communications underlaying cellular networks, heterogeneous networks, and small-cell networks. The problem is allocating the time resources (transmission orders) and frequency resources (channels) among the transmitters such that the overall network interference is minimized. Here, transmission order (TO) is a novel dimension for optimization. In Part I, we analyze the TO optimization problem in the presence of channel allocation (CA), i.e., joint CA and the TO optimization problem from a game theoretic perspective, and prove that the joint optimization problem can be formulated as an exact potential game, which has at least one "pure strategy Nash Equilibrium" for any subset of the complete CA-TO action set and for any initial CA and TO conditions. We also show that the proposed joint CA and TO game is equal to the max-cut of a novel TO-dependent holistic system interference graph. In Part II, we present novel joint CA-TO algorithms and their performance analysis in D2D communications underlays.
I. INTRODUCTION

I
N the last decade, the mobile data traffic has exploded by the evolution of the wireless communications systems, and in the recent few years, the mobile data traffic has been almost doubling each year due to the proliferation of the smart phones and new types of multimedia and Internet-based services. Global mobile data traffic grew 70% from the end of 2011 to the end of 2012 (during which the mobile network connection speeds more than doubled) [34] . Smartphone traffic in 2017 is expected to be 19 times greater than it is today [34] . However, the current macro cellular networks concept even with the most advanced solutions will not deliver enough capacity for the future traffic demand e.g., [35] , [36] without decreasing the spatial reuse. In other words, none of the available techniques in macrocells can satisfy the expected future data traffic increase alone without decreasing the mininum frequency-reuse distance. For example, the key idea of the emerging Small Cell Networks (SCNs) [35] , [36] , heterogeneous small-cell networks (Het-SNets) [30] - [32] , and Deviceto-Device (D2D) communications underlaying cellular radio networks is to reduce the mininum frequency-reuse distance. However, when the frequency-reuse distance is further reduced, then the most challenging problem is interference management problem because of the greatly increased complexity in the interference situation in the network. For example, in the context of the D2D communications underlays, for network downlink, the interference sources for a D2D/cellular user are now not only neighboring Base Stations (BSs) but also all other (co-channel) D2D pairs in the same cell and other cells. Similarly, for network uplink, the interference sources for a D2D pair and a BS are now not only neighboring cells' cellular MSs but also all other D2D pairs in the same cell and other cells. The higher the number of co-channel D2D pairs, the higher the complexity of the interference management problem. Exactly similar interference situation with different radio entities is encountered in SCNs ( [35] , [36] ) and Het-SNets ( [30] - [32] ) which are densely deployed low-power, low-cost, and self-organizing small-BSs underlaying the existing macrocell infrastructure. In Part I of this two-part paper, we focus on a Time Division Duplex (TDD)-based system consisted of bidirectional wireless links that interfere with each other, which is a generic model for the TDD-based SCNs, Het-SNets and D2D underlays. In Part II, we, for comparison reasons and without loss of generality, consider the D2D underlays because this two-part paper is an extension of [17] where D2D underlay is examined. Although the D2D communications under the control of cellular radio systems has been proposed since late 1990s by various works for different systems (e.g., [2] - [11] , etc), it has been a hot research area especially in recent years because of its many advantages in the emerging systems over the traditional macrocell concept. The D2D communications allows local (i.e., environmentally/spatially isolated) Mobile Stations (MSs) to communicate directly without being relayed by a centralized unit like Base Station (BS). For the advantages of the D2D underlays, see, e.g., Part II [17] and [33] . A recent and extensive literature review on D2D solutions can be found in [17] . Here, especially the first application requires efficient interference control for maximizing communications reliability. There is also discussion ongoing to enable D2D communication on white spaces in which case also channel selection becomes important issue. We note that the proposed algorithms in this two-part paper can be readily adopted also by the SCNs and Het-SNets. A common feature in TDD-based SCNs, Het-SNets and D2D underlays is that every transmitter-receiver pair has the freedom to schedule its transmission order [30] , [31] . The TransmissionOrder (TO) selection problem aims at dividing the set of nodes into two time slots such that the interference between the links is minimized. Het-SNets have the freedom to schedule the TO of the transmitters [30] , [31] . By properly selecting the TOs, the interference between simultaneously transmitting radio entities can be minimized [17] . In [31] , it was noted that the femto cells do not have to have the same frame timing than the macro cells. It has been shown in [28] that in TDD based femto cell systems the interference between cells can sometimes be reduced and the capacity improved by setting an offset between the frame timings such that uplinks of some frame coincide with downlinks of another frame. The TO optimization problem can be utilized to identify which of the transmitter-receiver pairs should have their uplink frames aligned with downlink frames of other pairs using the same channel. The TO problem for dynamic TDD based D2D underlays have explicitly been discussed in [17] , which is the first work for D2D with TO optimization, to our best knowledge.
The CA problem dates back to early days of cellular systems. See e.g., [29] for a survey of classical CA methods for cellular systems. Recently, the problem has been revisited in the context of Dynamic Spectrum Access (DSA) for Cognitive Radios (CRs) [21] , [22] . The objective of the CA is to achieve maximum system spectral efficiency in bit/s/Hz/site by means of frequency reuse, but still assure a certain grade of service by avoiding co-channel interference and adjacent channel interference among nearby cells. Fixed Channel Allocation (FCA) is done once in the network-planning phase based on the busy hour traffic demands. Dynamic Channel Allocation (DCA) aims at allocating the channels based on traffic demand or in the case of cognitive radio based on spectrum availability [27] , [29] . DCA methods can be further divided into centralized and distributed DCA schemes. Centralized DCA assumes that there is some central control entity in the network such as Radio Network Controller in cellular systems or geolocation database in Secondary Spectrum Access systems that has full knowledge of the propagation conditions and number of transmitters. Since the assignment problem is NP hard, the centralized DCA schemes are typically based on some heuristics. Recent example of such an approach can be found from [23] where Simulated Annealing based optimization is proposed for allocating channels for TV whitespace devices.
Many recent systems such as wireless Ad Hoc and sensor networks, wireless local area networks (WLANs) and small (femto) cell systems are distributed in nature which makes the use of centralized DCA difficult. Distributed DCA algorithms aim to solve the CA problem based on local information. We can distinguish between two types of DCA schemes. Simple algorithms that choose the available channel based on local measurement of interference [15] , [16] , [24] or signal-to-noise ratio [26] and algorithms based on game theoretical and/or machine learning considerations [20] , [25] . In fact, some simple CA algorithms can often be interpreted as games. For example channel allocation problem in [37] is formulated as a potential game, and thus converges to a deterministic channel allocation Nash equilibrium point. Another example is that the Greedy Asynchronous Distributed Interference Avoidance Algorithm (GADIA) suggested in [16] can be interpreted as a potential game as discussed in [18] . We, in this paper, use traditional game theory approach to examine a totally novel and important area: TO optimization problem in the presence of CA, i.e., joint TO and CA optimization. The TO option has recently been included into the 3GPP standard. Part I of this two-part paper follows the game theoretic approach in [18] which is for the GADIA [16] . Here, we greatly extend the results in [18] for the joint CA-TO optimization problem.
A. Contribution of Part I of This Two-Part Paper
The authors in [17] recently, for the first time to our best knowledge, propose and analyze explicitly the TO optimization in D2D communications underlaying cellular network, which yields remarkable network performance improvement. The work in [17] focuses only on the TO problem (which is NP-complete) for one channel case using a graph theoretic approach. Here, in Part I of this two-part paper, we use a game theoretic approach, and greatly extend the results in [17] taking also jointly the channel allocation (CA) problem into account. We prove that the defined TO optimization problem in the presence of CA, i.e., joint CA and TO optimization problem, can be formulated as an exact potential game which has at least one "pure strategy Nash Equilibrium" for any subset of the CA-TO action set and for any initial CA and TO conditions. Here, TO is a novel optimization dimension (and the 3GPP has recently standardized the TO option for TDD based systems). This yields several interesting results. It's shown in [17] that the TO optimization problem is equal to a constraint min-cut problem of an augmented interference graph. In this paper, we show that the joint CA-TO game is equal to max-cut of a novel holistic interference graph.
The rest of the Part I is arranged as follows: We analyze the joint CA and TO optimization from a game theoretic perspective in Section II. We present so-called "TO-dependent holistic interference graph" for the joint CA-TO game in Section III, followed by the conclusions in Section IV.
II. GAME THEORETIC APPROACH FOR JOINT TO AND CA OPTIMIZATION
A. Modeling of the Link Gains and SINRs
In Part I of this two-part paper, we formulate the joint TO and CA optimization problem, without loss of generality, in the context of D2D communications underlaying TDD-based cellular networks on a general level so that the results can be adopted by different TDD air interfaces. For the sake of clarity, we assume that one of the device for any given D2D pair "mimics BS' to monitor the quality of the D2D traffic link, and to report such quality measurements back to its serving BS, as in the MS in "BS emulating mode" in the D2D communication in [4] . Let us define this device as "First-Device" (FD), and the other device of the pair as "Second-Devise" (SD). For the sake of clarity and brevity, we borrow the definition of First Radio (FR) and Second Radio (SR) in D2D communications underlaying cellular network from [17] :
Definition: First Radio (FR) and Second Radio (SR) [17] : Let us consider a D2D underlaying cellular network where there are totally N tx-rx pairs. Let
F R denotes BS, if it is a BS-MS pair FD, if it is a D2D pair,
SR denotes MS, if it is a BS-MS pair SD, if it is a D2D pair.
Notation of Indexing: Let us consider a D2D communication underlaying cellular network where there are N FR-SR pairs and L channels. Without loss of generality and for the sake of clarity, we index the FRs as 1, 2, . . . , N; and the SRs as N + 1, N + 2, . . . , 2N throughout the paper in such a way that for i'th FR-SR pair, the FR is indexed as i, and its SR is indexed as i + N , where i = 1, 2, . . . , N. All the indexes are fixed for a given network regardless of their TOs and CAs. In a TDD network, because the frame structure defines the order of UL and DL transmission slots, we have the freedom of selecting the TOs of the FR-SR pairs freely. Therefore, from network point of view, we need to define the "network UL" and "network DL" directions for formulation.
Definition-"D2D Network DL and Network UL Operation" in D2D Communication Underlaying TDD Cellular Network: Without loss of generality and just for the sake of brevity, we define the "network DL" and "network UL" directions according to the 1 st FR-SR pair. So, the "D2D network DL" (or briefly "network DL") direction is defined as the transmission direction when the 1st FR transmits to its SR. Similarly, we define the "D2D network UL" (or briefly "network UL") direction when the SR of the 1st FR-SR pair transmits to its FR.
Notation of Sets: At any given timeslot, for every FR-SR pair in channel l, one of them is tx; and the other one is rx, where l = 1, 2, . . . , L. During "D2D network DL", let us consider the set of indexes of all txs in channel l, and denote this TO-dependent set as S Adopting the traditional received Signal-to-Noise-Ratio (SINR) definition in e.g., [12] , [13] for our D2D formulation, the "network DL" SINR at rx i R can be written as From the SINR formulation in (1), the SINRs of those FRs (i ∈ {1, 2, . . . , N}) which happen to be rxs in "Network DL" are calculated as follows:
where {S l 1 − (i + N )} means that the element (i + N ) is excluded from the set S l 1 because it corresponds to desired link. The SINRs of those SRs which happen to be rxs in "Network DL" are similarly calculated. On the other hand, the SINRs during the "Network DL" are obtained as in (1) and (2) by exchanging the txs and rxs.
The link gain g l ij in channel l in (1) and (2) can be modeled as follows:
where s ijl (in channel l) is the corresponding shadow fading term, d β ijl is propagation loss with pathloss exponent β, and c ijl is multipath fading factor (e.g., [13] ). For information about modeling of radio wave propagation, see, e.g., [13] , [14] .
To clarify the notation defined, we present an illustrative snapshot of a D2D communication underlaying cellular network in Fig. 1 where there are 5 FR-SR pairs. Thus, the FR-SR pairs are numbered as i − (i + 5), where i = 1, 2, . . . , 5. So, the FRs are indexed from 1 to 5; and the SRs from 6 to 10. Corresponding link gains are numbered accordingly. In Fig. 1 , there is one cellular pair (1-6) and two D2D pairs (2-7 and 3-8) in channel c 1 , and two other D2D pairs (4-9 and 5-10) in channel c 2 . The TOs of the FRs 1, 2, 3, 4, 5 in Fig. 1(a) and in Fig. 1(b) are DDUDD, and UDDDU, respectively, where U stands for UL, and D for DL. So, S Fig. 1(a) . On the other hand, for the other TO case in Fig. 1(b) , S In this paper, we consider the flat fading and slow fading channel case, and assume that the channel coherence time is much higher than the radio resource management algorithms runtime.
B. Joint TO and CA Problem Formulation From Game Theoretic Perspective
Once N FR-SR pairs are allocated to L channels, and their TOs are determined, then the DL total network interference is equal to
where i T is the index of the tx of the corresponding desired link to be excluded from the interference sum, TO-dependent sets S l 1 and S l 2 are defined above and L is the number of channels, respectively, and p l j is the transmit power of the tx of the j'th FR-SR pair in "network DL", and thus is an element of S l 1 . Similarly, exchanging the txs and rxs for UL operation, one obtains the UL total network interference using the same indexes and the same sets S l 1 and S l 2 in (4) as follows:
where j T is the index matching the i T in (4) such that i T − j T establishes an FR-SR pair. And because the desired received signal powers are excluded from the interference calculations in (4) and (5), the sum of UL + DL total network interference at time t is
where r l ij is the interfering signal power corresponding to the interfering link g l ij , and is equal to Note that all the terms in (6) correspond to interference links, and do not include the desired signals from own link gains. Therefore, r 
where I tot,DL+UL = I tot,DL + I tot,U L is given by (4)-(6). This problem is an NP-complete problem for even the case l = 1 ( [17] ) and the number of possible combinations increases exponentially by the number of FR-SR pairs. A schematic illustration of the joint optimization problem is given by Fig. 3 , where the interfering links are shown by solid lines. Every FR-SR pair can change either its TO (the two nodes representing a pair are bilaterally exchanged within the same channel horizontally) or its CA (the two nodes representing a pair move from its current channel to another channel vertically) at a time. So, the interference situation change accordingly.
In this paper, we assume that each of the N FR-SR pairs in the cellular network underlaid by D2D communication may make decision about its own CA and TO in a fully or partly distributive manner and sequentially (asynchronously). This motivates us to formulate the joint TO and CA problem as a game: A player is an FR-SR pair. And its action is either to change its channel, or to change its TO, or to remain as it is. Let Ξ = {1, 2, . . . , N} represent the set of indexes of players (FR-SR pairs), which is also equal to the indexes of the FRs. Each and every player (FR-SR pair) for a given timeslot is allocated to one of the L channels and is in either its UL or DL. (From a given FR-SR pair's point of view, UL means transmission from SR to its FR; and DL means from FR to its SR). Thus, let us denote the state of each player (FR-SR pair) as (c i , t i ), where c i is the channel index, and t i is its TO index. So, available action set of player (FR-SR pair) i
. . , L} represents the indexes of available channels, and A T O ≡ {L + 1, L + 2}
represents the indexes of TOs such that action L + 1 stands for UL, and action L + 2 stands for DL. So, c i ∈ A CA , and
In Part I, we use a similar notation as in [18] for the sake of brevity: Let a i ∈ A i denote an action of player i, and let a −i represent an action profile of all users except player i. 
where i = 1, 2, . . . , N, and a i ∈ {1, 2, . . . , L + 1, L + 2}, and i R and i T are the indexes of the i'th FR-SR pair, and interfering signal power r
is obtained by (7) . (Note that i R and j T are from {1, 2, . . . , N, N + 1, . . . , 2N }) . Thus, the utility function u i (a i , a −i ) in (9) includes not only the total interference signal powers the i'th FR-SR pair receives from other txs (i.e., ) and the total interference that the pair causes to other rxs in channel c i (i.e.,
In this paper, we define the joint CA and TO game by Γ = (Ξ, A i , a i ) where Ξ = {1, 2, . . . , N} represents the set of players (FR-SR pairs), A i is the set of action profile of player i, and a i ∈ A i denotes action of player (FR-SR pair) i. Thus, the joint TO and CA optimization game (equivalently, the total UL+DL interference reduction game by TOs and CAs) can be expressed as follows:
where u i is the utility function of the FR-SR pair i defined in (9) . At time t, let the i'th FR-SR pair be in channel c i ∈ {1, . . . , L}, which corresponds to the index of the cluster it selects. We chose the network utility (U (t)) as the sum of UL+DL total network interference in (6), i.e.,
where
Definition-Nash Equilibrium: a * = (a * 1 , . . . , a * N ) is a "pure strategy Nash equilibrium" if
In what follows, we present one of the main contributions of this paper in Theorem 1. 
is the set of action profile indexes of the i'th player, and a i ∈ A i denotes the action (CA and TO) of i'th player i = 1, 2, . . . , N. The game Γ is an exact potential game which has at least one "pure strategy Nash Equilibrium". Furthermore, all "pure strategy Nash Equilibrium" points of game Γ minimizes the network utility U(t) in (11) globally or locally.
Proof: Let us denote the potential function as Φ(a i , a −i ). We propose that potential function Φ(a i , a −i ) be chosen directly as the network utility in (11) (and thus (6)). According to the indexing notation explained above, for the i'th FR-SR pair, the FR is indexed as i, and its SR is indexed as i + N , where i = (6), and the interfering links as shown in Fig. 3 , we observe that it makes no difference to exchange the sets S l 1 and S l 2 for any channel from I tot,DL+UL (t) point of view. This is because the sum of all interfering links in the same channel in "network UL" and "network DL" remains the same in both cases. However, it matters obviously when examining the network UL and network DL performances separately. This observation yields that potential function Φ(a i (t), a −i ) which is chosen directly as the network utility in (11) (and thus (6)) can be written as
where S l (t) andS l (t) stand for S l 1 (t) and S l 2 (t), both of which depend on a i (t). As explained above, which one stands for S l 1 or S l 2 makes no difference from minimization point of view. Let us assume that the FR i is in channel c i , and denote the set it belongs to at time t as S a i (t), and the other set which includes its SR (i + N ) asS a i (t). Using this notation, the utility function in (9) can be written as (14) where i = 1, 2, . . . , N. All the links included in the utility function u i (a i (t), a −i ) in (14) (and thus also (9) ) are shown by green and red colors for the pair i − (N + i) in Fig. 3 . (14) from and adding the same u i (a i (t), a −i ) to the potential function Φ(a i (t), a −i ) in (13) gives, for any a i (t)
Eq. (15) gives
where the notation {S l (t) − {x}} denotes that the entry x is excluded from the set S l (t), and thus the notation k ∈ {S l (t) − {N + i}} means that the (N + i)'th SR which should be in S l=a i (t) is excluded from the summation because corresponding terms are taken out of the sum. Similarly, j ∈ {S l (t) − {i}} means that the i'th FR which is in S l=a i (t) is excluded from the summation.
Let us assume that an arbitrary player (FR-SR) i unilaterally updates its action from a i (t) to a i (t + 1) at time t + 1, which is different than a i (t), (i.e., either changes its CA or its TO), where a i (t + 1), a i (t) ∈ {1, 2, . . . , L + 2}. Then the change in its individual utility function caused by this unilateral change is given by
In what follows we examine the corresponding change in the potential function Φ(a i , a −i ) in (13) due to the updated action from a i (t + 1) to a i (t). There are two cases to be examined: i) a i (t + 1) is a TO and ii) a i (t + 1) is a CA.
Case i) a i (t + 1) is a TO (i.e., a (t+1) i ∈ {L + 1, L + 2}): Player (FR-SR pair) i remains in the same channel, but only the FR i and its SR i + N are mutually exchanged between the sets S a i and S a i due to its reversed TO. Therefore
as seen from Fig. 4 . So, from (14) and (16), the corresponding change in the potential function due to the TO is only related to the channel l = c i (and the interference situation in all other channels remains the same). From (13), (16) , and (18), and Fig. 4 k∈{S
In (19), because the indexes defined by the sets (k ∈ {S a i (t)− {i + N }−{i}} and j ∈ {S a i (t)−{i}−{i+N }}) are exactly same as the indexes defined by the sets (k ∈ {S a i (t) − {N + i}} and j ∈ {S a i (t) − {i}}), we can write
Eq. (20) can be verified by Fig. 4 . As seen from Fig. 4 , the links of (20) correspond to the those which are related neither to FR i nor its SR i + N before the TO [ Fig. 4(a) ] and after the TO [ Fig. 4(b) ]. The links of (20) correspond to the blue links in Fig. 4(c) . From (19) and Fig. 4 , considering the both directions for UL and DL, the sum of all the interfering links in green in Fig. 4(b) is equal to j∈S a i (t+1) (r (14), (17), (19) and (20), we conclude that 
And similarly for the previous channel a i (t) = a
These are shown in Fig. 5 . The corresponding change in the potential function due to the CA is related to the new channel a i (t + 1) = a n i and the previous channel a i (t) = a p i (and the interference situation in other channels remains the same). Using (13)
Using (22) and (23) in (24) gives
which can be easily verified by Fig. 5 (Note that the utility u i (a i (t), a −i ) and u i (a i (t + 1), a −i ) is the sum of received interference powers corresponding to the links in red and green in channel a i (t) = a p i and a i (t + 1) = a n i , respectively). Using (25) and (26) in (24) (27) Equations (21) and (27) for the TO and the CA, respectively, shows that the change in individual utility function (14) caused by any player's unilateral deviation is the same as the change in the potential function Φ(a i (t), a −i ) in (13) . This yields that the game Γ defined by (10) is an exact potential game. For further information about potential games, see, e.g., [19] . The exact potential games exhibit several attractive properties, two of which are i) every exact potential game has at least one "pure strategy NE", and ii) any global or local maxima of the potential function constitutes a "pure strategy NE". Because in our joint CA and TO optimization game formulation, the potential function is equal to the network utility itself already, the global maxima of the network utility is our "strategy NE point" of the proposed game. The potential function (the network utility) may have some local maxima corresponding other sub-optimal NE points, which completes the proof.
We emphasize that the Theorem 1 above is proved for an arbitrary action (CA/TO) a i ∈ A i for the joint CA and TO optimization, therefore the one-to-one mapping between the indexes and the CAs/TOs makes no difference. In other words the indexes A ≡ {1, 2, . . . , L + 1, L + 2} may represent the channels and TOs in any possible order of [17] This two-part paper is an extension of [17] : In [17] , a graph theoretical approach is used for analyzing the TO optimization problem in a D2D communications underlay where there are N FR-SR pairs, and its shown that the TO optimization problem is equal to a constraint min-cut problem of an augmented (2N ) × (2N ) interference graph (see (5) , (6) , and [17, Fig.  2]) . In this part, we extend the results in [17] by taking also the CA optimization into account, and show that the proposed joint CA-TO game Γ in (10) whose individual utility function u i (a i (t), a −i ) is given by (14) , and whose network utility U (t) is given by (11) , turns the min-cut problem in [17] for an augmented (2N ) × (2N ) graph into a max-cut problem for a TO-dependent holistic (N ) × (N ) graph. For min-cut and maxcut, see, e.g., [38] .
III. EXTENSION OF THE RESULTS IN
In what follows, we first define TO-dependent interference matrix:
Definition-TO-dependent UL+DL System-InterferenceMatrix: Let us consider a D2D communication underlaying cellular network where there are N FR-SR pairs. For any given TOs of the FR-SR pairs at time t, there is a corresponding N × N system interference matrix for UL and DL. We define TOdependent UL+DL System-Interference-Matrix R U +D (T O(t)) as follows:
whererĩ ,j =rj ,ĩ = rj ,ĩ + rĩ ,j , in whichĩ ∈ {i, N + i}, and j ∈ {j, N + j} and i, j = 1, 2, . . . , N, depending on the TOs of the FR-SR pairs. The N × N symmetric matrix R U +D (T O(t)) in (28) corresponds to a graph whose nodes are FRs/SRs and whose edges arerĩ ,j =rj ,ĩ depending on the TOs. Let us consider the D2D communication underlaying cellular network in Fig. 6 . Then we propose to represent the corresponding co-channel network by the TO dependent holistic interference graph in Fig. 1 , which is represented by the matrix R U +D (T O(t)) in (28) . The edges of the graph arerĩ ,j =rj ,ĩ . Proposition 2: Consider D2D communication underlaying TDD based cellular network with N FR-SR pairs over possibly different cells and with L channels: The proposed joint CA-TO game Γ in (10) whose individual utility function u i (a i (t), a −i ) is given by (14) , and whose network utility U (t) is given by (11) , is equal to the max-cut solution of the proposed TOdependent holistic N × N interference graph represented by the matrix in (28) .
Proof: See Appendix. We note that the relation between the CA problem and the graph max-cut problem is presented for the second phase of the N-GAIR in [15] . However, the main difference between the approach in [15] and ours here is as follows: The interference matrix, and the edges of the graph in [15] are fixed until the N-GAIR converges. In this paper, the edges of the interference graph as well as the nodes change after any TO update. This makes the max-cut problem much more difficult as compared to that in [15] . The graph in this paper includes the graph in [15] as a special case by taking all the FR's TOs as UL.
IV. CONCLUSION
In Part I of this two-part paper, we analyze the joint transmission-order (TO) and channel allocation (CA) problem for bidirectional wireless links that interfere with each other. Using a game theoretic perspective, we prove that the defined joint CA and TO optimization problem can be formulated as an exact potential game which has at least one "pure strategy Nash Equilibrium" for not only complete set of player CA-TO actions but also any subset of the action set for any initial CA and TO condition. We also show that the proposed joint CA and TO game is equal to the max-cut of our proposed TO-dependent holistic interference graph. The joint CA-TO algorithms based on the findings here in Part I are presented with their performance analysis in Part II [33] in the context of D2D communications underlaying cellular networks.
APPENDIX PROOF OF PROPOSITION 2
Referring to the notation in Section II, let us denote the set of indexes of the FRs/SRs in channel l depending on their TOs as S {1, 2, . . . , N, N + 1, . . . , 2N }.
Because R U +D in (28) is symmetric, the sum of all the edges whose one vertex (node) is in channel l is equal to Using (29) and (30), we can write the entry-wise 1-norm of the matrix R U +D (T O(t)) in (28) as follows:
The potential function Φ(a i (t), a −i ) in (13) is chosen directly as the network utility in (6), which is the sum of UL+DL total network interference at time t. Comparing (13) with (30) , and usingr i, j = r i, j + r j, i , its seen that
Eqs. (13), (30) , and (32) give
From (6), (13), (31), (32) , and (33),
Considering (34) together with the proposed game Γ in (10) with the utility function u i (a i (t), a −i ) in (14) , and the Popositions 1 and 2, we conclude that i) minimization of the sum of UL+DL total network interference in (6) by the CA and TO is equal to the max-cut of the proposed graph represented by the TO-dependent N × N interference matrix in (28) .
ii) The proposed joint CA-TO game Γ in (10) is equivalent to the max-cut solution of the proposed TO-dependent holistic N × N interference graph represented by the matrix in (28) , which completes the proof.
